THE KELVIN-HELMHOLTZ INSTABILITY IN A VARTABLE MAGNETIC FIELD

V. M. Korovin UDC 538.4

It has been established in [1], as a result of an analysis of the phenomenon of para-
metric instability of a tangential discontinuity in an incompressible conducting liquid aris-
ing under the action of a longitudinal magnetic field oscillating in time about an average
value <H> # 0, that a variable field stabilizes a discontinuity less effectively than does a
constant field. The effect of a variable field (the case <H> = 0) on the stability of an in-
terface of uniform flows of nommixing conducting and nonconducting liquids has been investi-
gated in [2] with the neglect of parametric effects, and the qualitatively opposite result
has been obtained: It has been erroneously claimed that a variable field always exerts a de-
stabilizing influence. It is shown in this paper that the long-wavelength part of the spec-
trum of two-dimensional perturbations of an interface of conducting and nonconducting liquids
is stabilized by a variable field, whereas the instability caused by the field itself is of
a parametric resonance nature,

1. In a Cartesian coordinate system Oxyz with the Oz axis directed opposite to the
force of gravity let the plane z = 0 be the undisturbed interface between a quiescent conduct-
ing liquid filling the region z > 0 and a heavier nonconducting liquid moving in the region
z < 0 at a constant velocity u = (ux, uy, 0). We shall investigate the effect of a variable
magnetic field parallel to the interface on the mechanism of the Kelvin—Helmholtz instability.
In the unperturbed state the distributions of the magnetic field and the pressure are of the
form

HY = [H exp (~— -g—) cos (_fs‘ — mt), 0, 0], H) = (Heoswt,0,0), ps=— pygz,
pl = {1 4 cos 20t — exp (— ——~) [1 -+ cos (% — 2mt)]} — 0187,

where § = (2vp/w)*/? is the thickness of the skin layer, the subscript 1 refers to the region
z > 0, and the subscript 2 refers to the region z < 0.

At some instant of time, which is taken as the origin in the following, let a vertical
velocity which is small in comparison with u be imparted to a finite volume of the 11qu1d
In the linear formulation the problem of the development of perturbations of the velocities
vy, Vo = VUy, pressures p; and ps, magnetic fields h;, h. = V6, and the interface z = £(x, vy,
t) is written as follows:
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divv, =0, pyod=— Vo + gty AU =0, A0=0; @1
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%—vahl—H oy 2+ G, divh; =0, (1.2)
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z =0 pl-—-p2=§{g(p1—pz) 8n6[1+ VZCOS (th ——-——-)]}—I— a(b? - 517%), (1.4)
a9
z=20: hlx——; V%Hcos(mt————), hly—--g% hiz = -3 (1.5)
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2>+ o00:v;—>0, h >0; z-—>—00:U,—0, 68>0; (1.6)
t“‘OE—O hl"“O UJZ_“V]’]_‘I12 Vl(xy70) V(.Z,y,()) (l 7)
Here o is the surface tension coefficient; it is assumed in the writing of (1.5) that the
ratio £/8 is of the first order of smallness. Taking account in (1.7) of the initial per-
turbations of the interface and the magnetic field only complicates somewhat the calculations,
but does not result in a qualitative change in the results.

Let F be the Fourier transformation operator in the coordinates x and y, k = (kx, ky, 0)
be the wave vector, L be the Laplace transformation operator in the time t, and s be the
parameter of this transformation. Let us introduce the notation

Fg =7, l=ncoé kmt —'n/é), F8 = ¢, Fv, =w, Fh = b,
Fpy=gq, FU, =P, FVy(z,y, 0) =V, LI = M, Lp = @, Lb =B.

2. It is not difficult to see that with Vj = Vj(y, z) the conducting fluid does mnot
perturb the magnetic field in the lower half-space. In this case the problem (1.1)-(1.7)
has a solution of the form

aU
E:g(y, t)7 V1=VU1(y1 z, t)1 P1=—P1—57 0t _ Hohlv hl =[h1x(y’ z, t)v 01 0]v U2=U2(y9 z, t)-: 0=0.

After simple calculations we arrive at the following problem, which describes the development
of the Fourier components of the perturbation of the interface:

Fyuy g7 dt + [kyg (02 — 01) — 02 (yuy)* + @k} n = 0,

(91+92)
i=V=T; t=0q=0, D_y.

The well-known criterion of the stability of a discontinuity of the tangential velocity u =
(0, Uy, 0) in the presence of the forces of gravity and surface tension [3] follows from the
condition of boundedness of ln|. Thus, plane perturbations of an interface whose crests are
parallel to the unperturbed magnetic field are not acted on by the field.

3. It is evident from the condition of conjugacy of h;x and hpx on the interface (1.5)
that a dependence of h, on time is exhibited both due to the oscillation of the unperturbed
field with frequency w and due to vibrations of the conducting liquid at hydrodynamic frequen-
cies Q. The estimates show that when Q/w << 1, one can neglect the terms which take account
of the effect of the hydrodynamical perturbations on h, appearing on the right-hand side of
the linearized induction equation (1.2). Changing over in the problem (1.1)-(1.7) to the
transforms, we obtain, as a result of uncomplicated calculations,

g (8w, iky o°HY, 1 .0 9 2 3.1
‘a‘{(azz kw) 4np(bza e L e (3.1)
20 | dB
ﬂ:“"‘kz(i""l)B:Oi Td—z_lkBs(L m=v7"k2; (3'2)
7 m z ‘
2 d
23—k -0, P—_—T(—n——lkuﬂ) (3.3)
aH"x 192117_ '
q=-:7{—£—[lkxbz 1 '—ngx(kb —kb)J—‘pla‘t'a_zz}; (3-4)
.6w d“zn '1/5 . -
zzO.ﬁ:E, bx=—6-—Hl—-lkx(Py by=_lky(l)’ b, = ,77, (3.5)
. P . _ _
z=0.q+p2(—a7~—zkuP)—n{g(pl 02) ‘ (3.6)
2 . _
— Eﬁ—b [1 + V'2 cos (2mt — —2—)] —_ ockz_};
a
z—>+oo:0—wtz—+0, B—>0; z-—00: 00 (3.7)
t—0:n=0, N_y. (3.8)

dt
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Having written out the solutions of the boundary-value problems (3.2), (3.3), (3.5), and
3.7,

B, = JQH (Me—t= - B2N), B, = — V——_iﬁ" HN,

B, = — ‘V”HN cbu—‘%zﬁ; HM,

o—Uhz k

s x
N == M, ;=|/777+1, [3:7;, y=—L

and performed an inverse Laplace transformation, we find

f
1/5 . kz dl(t-—- 2 B
by = L2 H || e Erf(z—v;n—r)[ - T}—{—ml(t—r)]dr — B B, b= — LBy, 3.9)
0
bz=——ij—-l%2—f5Hx(z,t), q>=—i—1/k732—l—3Hx(O,t)ekz,
(k2 \
= i Foa e (522, i i
Q0

Bearing (3.9) in mind, one can write the solution of the boundary-value problem (3.1), (3.5),
and (3.7) in 3w,/3t and calculate the derivative 32wz/8t3z. Next, having substituted (3.4)
into the dynamical condition on the interface (3.6), we obtain an equation which describes
the development of the Fourier components of the perturbation of the interface. Introducing
the dimensionless variables t, = ot and T, = WT, we have (the asterisks are omitted)

£
2
d—?——2iel%€]—+[80+egcos<2t—%)]n=est(t,T)ﬁ(t—T)dT, (3.10)
0
K(t,t ( — )[COS(2t—T)—SlnT],
(¢, 1) = Ve
2 Ar, — P; .
802(—%)7 & = VZ% m’ 82=V“Fy g3 = ul, r":pl—qipg’ i=12,
V2% o
Q2:g(r2 (1)2:[‘ ]/———2%7‘2( ) (T) pl‘+p2,
B, ___1__(E£)
w=Sge hebuet v T=mnre\as) -

Upon switching to the variable Tys the initial conditions (3.8) are transformed in an obvious
fashion. We shall denote ¢ = max (‘Veo L €3) cy = EJ/E, =1, 2, 3, co = eo/e. Let us re-
write the problem (3.10) and (3.8) in the form

%nt— =Vzo, =Ve {2L Veed— [co 4 ¢4 COS (2t — %)] n

: (3.11)
+c3‘S‘K(t,r)n(t——r)dr]; t=0:m=0, 0=V,
0

Equation (3.10) is obtained in the approximation |V/eo| << 1. Assuming also Ve << 1 and aver-
aging (3.11) by the second scheme proposed in [4], we obtain the Cauchy problem for a system
of two differential equations. Proceeding in the average problem to a single second-order
equation, we have

a? . d ’ % ) . dp _
E%_zwlgj.Jr[sﬁr%(iJrA)]M:o, t=0ip=0, & _uy,

1 i
— i 1 — L —2— 1 el '2—_ ‘i—“
A(n)*(l/nhu %2+1> +"(Vu2+1+“2+1) =
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It follows from this that with the specified parameters of the unperturbed flow those har-
monics n(kx, ky, t) are stable for which the condition

Sl e+ e ]+ SV (3.12)
is satisfied. On the positive half-axis the function A(®) > 0, so that, with kx # 0, the
variable magnetic field exerts a stabilizing effect; the field, just as the force of gravity,
stabilizes only the long~wavelength part of the spectrum. In the case in which the discon-
tinuity of the velocity u = (ug, 0, 0) is parallel to the lines of force of the unperturbed
field, one can obtain from (3.12) a sufficient condition of stability for Q/w << 1

- pl+p2
u4<4a[g(92 )+8—m§]( P1Py )‘

4. Let us consider the limiting case in which the thickness of the skin layer and the
amplitude of the wave (which is small in comparison with its length) are of the identical
order of magnitude. In this situation the perturbation of the magnetic field caused by dis-
tortion of the interface is comparable in order of magnitude with the unperturbed field, due
to which the linearized induction equation (1.2) is inapplicable. The problem under discus-
sion is thereby simplified, since to the assumed degree of accuracy one can replace the skin
layer with a surface of discontinuity of the tangential component of the magnetic field, on
which the surface ponderomotive force is localized [5]. In this approximation the distribu-
tions of the field and the pressure in the unperturbed state are described by the expressions

(Bux + yuy)* <

H =0, pl— 2 cost ot
1= U, Pp1=-— 082 + g cos"ot,
0

H) = (Hcoswt, 0,0), ps= — pyga.

In this case, one should set h; = 0 in the problem (1.1)-(1.7), and in place of the condi-
tions (1.5), which are obtained within the framework of the assumption of continuity of the
field on the interface, it is necessary to formulate for the potential 6 a condition which
expresses the continuity of only the normal component of the field, and, in additiomn, to take
account in the dynamical condition (1. 4) of the perturbation of the surface ponderomotive force

—0—5 =H Ecoscmt

‘ o H 89 9
Pi—pe=FEg(pr—py) + %7 9z 08 ol + o ( f yé)

With these changes in the formulation of the problem (1.1)—(1.73 taken into account, the equa-
tion for n(kg, ky, t) takes the form

(o1 + 02) ZZngU o T [gk (P2 — 1) — 0 (ku)® + ak® + — (k H)*(1 + cos 2cot)]

This equation is easily reduced to the standard form of a Mathieu equation. The stability
diagram of the solutions of the Mathieu equation [6] confirms the qualitative conclusion
drawn for Q/w << 1 about the influence of the field on the development of harmonics. In the
general case, when the ratio Q/w is not small, it follows from the stability diagram that
when ky # 0 one can stabilize any harmonic which is unstable without a field by the choice of
the amplitude H., The effect of the field is of a twofold nature: Stabilizing some regions
of the spectrum, it moreover causes a parametric instability of the harmonics corresponding
to other regions of the spectrum.
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